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DOMAIN OF INDIFFERENCE IN SINGLE-TYPE
DIFFERENTIAL GAMES OF RETENTION IN A
BOUNDED TIME INTERVALY
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Chelyabinsk
(Received 10 December 1993)

Single-type games are considered in which the players’ vectorgrams are described by the same symmetric
convex compact set, which expands homothetically at each instant of time. The payoff [1] is the maximum
value of the Minkowski function of the compact set for motion over a given time interval.

In a previous study [2], the value of a game with simple motions, in which the payoff is the minimum
of a certain convex function over the motion, was calculated. There is an example [3] of a single-type
game in which, up to a certain time, player I can select any admissible value of his control. The value
of a game which remains constant in a certain region of the position space has been calculated for
certain classes of games [4].

1. Let E be a linear space and p a fixed instant of time such that for all # < p non-negative scalar
functions a(¢) and b(t) are defined which are summable over every finite interval.
Consider the differential game
=—-au+b(t)v; zZu,VEE; AMu)<l1, Av)=1 (1.1)
The non-zero function A: E — R is assumed to satisfy the following conditions for a Minkowski

function
A(ez) =[e[M(z), VeER, VZEE; 0<sA(z)<+®

AM2) = AM(x) < A(z+x)< Mz)+ Mx), Vx,zEE (1.2)

Our definitions of players’ strategies and motion will follow the procedure employed in [5]. Let us
consider arbitrary controls u(t, z) and v(t, z) for the players, subject to the constraints

Mu(t,z)<1, Mu@t2)s1 (1.3)
Fixing an initial time ¢y < p, consider a partition
fo<l <.<ly <l =P 1.4)
Starting from the state z(¢;) = zg, construct a polygonal line
(1) = z(r,-)—(} a(r)dr)u(r.-,z(ti))+(’} b(r)dr)v«i,z(r,- DoL<t<t, (15)
l |

It follows from (1.2) and (1.3) that

IMz()) - Mz@) < f (a(r) +b(r)dr, T<t<p
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It follows from this inequality that the family of functions A(z(t)) is uniformly bounded and
equicontinuous in the interval [fp, p]. By Arzela’s theorem [6] we can extract from any sequence
A(z,(2)) a subsequence that is uniformly convergent in [¢,, p].

By a realization of the values of A for the motion generated by controls (1.3) we mean any function
A.(#) = 0 which is the uniform limit in [, p] of a sequence of functions A(z,(t)), where z,(t) is a
sequence of polygonal lines (1.5) with partitions whose diameters tend to zero

m=(}r2rasxk(:,-H -t)—0 (1.6)

The aim of player I is to minimize the quantity

max max{A.{t)+ f,(2); f,(t)) 1.7)

f<st<p

where f{(t) are continuous functions for ¢ < p. Player 11 tries to maximize this quantity.
Let

f(H)= ,2‘2‘,,(} (b(r) - a(r))dr+ f,(t)) (1.8)
F(t)= 'r\ggpma)t(f(r);fz(t)) 1.9

Define sets in ¢, z space, as follows:
A={(t,2: M)+ f(1)> F(n)}
A ={(L.2 M)+ fF(O=F®}, A ={(t.2xM)+ f(t)< F()} (1.10)
Define the function
D(t,z) =max{F(t); Mz)+ f(1)} (1.11)
Consider the following control for player I
u(t,2)=z/M2), (1,2)€A; u(t,z)=u, Vuhu)<l, (t,7)€A (1.12)

Fix an arbitrary control (1.3) for player II, an initial state z; = z(f;) and any realization A.(f)
generated by the control (1.12).

Theorem 1.1. Under the control (1.12) it is true that

max(A. (1) + £, (0); /(1)) < D(ty,20), V1 €lty, pl (1.13)
Proof. Denote

o) = max{F(t);As (1) + f(1)} (1.14)
By (1.11) and (1.14), @{ty) = D, where we have put D = D(z, z).
1t follows from (1.8) and (1.9) that fi(t) < f{t) and f5(f) < F(t). Therefore, if o(t) < D forallz e {t,
p}, then condition (1.13) will hold.

Let ¢(t*) > D for some t* € (ty, p]. Let t, = sup{t € [ty, t*): @(t) = D}. Then

90()> D, Vie(t,t'); ot)=D (1.15)
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Hence, by (1.11), it follows that ¢(f) > D = F(t,) for all t € (¢*, ¢*]. Thus, taking the monotonicity
of F into account, we obtain ¢(t) > F(t). Hence, using (1.14), we obtain

Aa(8)+ £(0)> F(1), V€ (te,t'] (1.16)

Let z,(f) be a sequence of polygonal lines over partitions with diameters m, — 0 such that A(z,(t))
— A,(¢) uniformly in [y, p].

Fix a number 7 € (¢,, p). Then, using inequality (1.16), we can find a number », such that for all
n>n.

Mz, () + f(t) > F(t), VtE[T,t"] (1.17)
Mzy()—f als)ds >0, v<t<r<t+m, r<f (1.18)

Fix some polygonal line withn > n,. Lett;,_ ; <t <t <... <t < t* <, be part of its partition
points.

It follows from (1.17) that the control (1.12) is equal to u(Y, z,(t)) = @.(4))/ Mz, (1)), i <j <.

Substituting this control into (1.5) and using properties (1.2), we get

sl
+ [ b(s)ds

5

Mz, (1)) - ‘jf_l a(s)ds

J

Mz, (t;20)) <

Hence, by (1.18), it follows that

Mz (1)) < Mz, (8))+ [ (b(s) ~ a(s))ds

&

Let n — e in this inequality, taking into account that ¢; — 1, f; - ¢*. Then let t approach ¢,. The result
is

xn(t‘)s K.(t.)+} (b(S)—a(S))dS

L]

Hence, using the definition of the function (1.8), we obtain the inequality
M)+ FED)S M)+ (1) (1.19)

It follows from (1.16) and (1.14) that the left-hand side of inequality (1.19) is @(¢*). From the second
equality of (1.15) we deduce that the right-hand side of the same inequality is D. This contradicts the
first inequality of (1.15).

2. Consider the game from player II’s position. Fix the following control for player II
v(1,2) =2/ M2); (1,2)EAUA, AM2)=0
v(t,z)=vu, Yuh(u)=1; (1,2) EAy, M) =0 2.1)
v(t,z)=v, VuA(V)<1; (1,2) EA

Fix any control (1.3) for player I and consider an arbitrary polygonal line (1.5).

Lemma 2.1. Suppose that forsome 0 <j <k

(t,2(1;)) EAU A 2.2)
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Then either
(tj1,2(t N EAU Ay, D,y 2(t5,1)) = D(1;,2(1;)) (2.3)
or there is some t € [t), ;4] for which
Mz()) + ()= D(1;,2(t))) (24)
Proof. It follows from the inclusion (2.2) and formulae (1.10) and (1.11) that
Az(t)+ f(t;) = D(1;,2(15)) (25)

Substitute the control (2.1) into (1.5). Using properties (1.2), we see that for all z € [, £;,4]
t
Mz() =Nzt ) + [ (b(r)-a(r))dr (2.6)
'

It follows from (1.8) that for some t € [t;, p]
f@p) =g (b(r)-a(r))dr + f;(x) 27
4

Letf; <t <{,, and put ¢ = 1. Inequality (2.4) then follows from (2.7), (2.6) and (2.5).
Let 7> t;,,. It then follows from (2.7) and (1.8) that

lisl
£ = f (b -ar)dr+ £(tj41)

Ui

Hence, by (2.5) and (2.6), we obtain
Mz(tj 1)+ f(tj41) = D(t,2(15)) (28)

We infer from (1.11) and (1.9) that D(s;, z(1;)) = F(t;) = F(tj,1). Consequently, by (1.11), the left-hand side of
inequality (2.8) is equal to D(t;,1, 2(fj+1)) and is not less than F(f;+1). The required relationships (2.3) now follow.
Fix an arbitrary control (1.3) for player I and an initial state z(fy) = zg.

Theorem 2.1. Given the control (2.1), a realization A.(f) exists which satisfies the inequality

max max(A. (1) + £ (1) £,(8)) = D(t5.2,) (2.9)

fo=t=p

Proof. Take an arbitrary polygonal line z(¢) as in (1.5).
Let (2o, zg) € A U Ay. Then it follows from Lemma 2.1 that for some 1 € [tg, p]

max(A(z(T)) + £, (¥); £,(v)) = D(t,2,) (2.10)

Passing to the limit in (2.10) along polygonal lines, we deduce that inequality (2.9) holds for any

realization.
Let (2, 20) € A;. Then we deduce from formulae (1.10) and (1.11) that D(t, zg) = F(tp) > Mzo) +

fito) = flt). Put
Iy = sup{l Eltg, pEF(t) = F(1 )} (2.11)
Then

F(t.) = F(ty) = D(tg>20) (2.12)
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It follows from (1.8) and (1.9) that F(p) = max (fy(p); f2(p)). Therefore, if ¢, = p, we infer from (2.12)
that inequality (2.10) is true for t = p.

Let ¢, < p. We can then show, via the definitions of the function (1.9) and the number (2.11), that a
sequence of points 7, exists such that

I, ~*te, I, >t, F(r)=max(f(r,); L) (2.13)

If F(r,) = fo(r,) for an indefinite number of terms of the sequence, then, since the functions are
continuous, we obtain F(t,) = f5(t,). Hence, by (2.12), it follows that inequality (2.10) is true for
T =1,

Let F(r,) = f(r,) for an infinite number of terms of the sequence. Take a sequence of polygonal lines
z,(n) over partitions with diameters m, — 0, such that the partition (1.4) for z,(f) contains the point
r,. Then we see from (1.10) that (r,, z, (r,,)) € A U 4,. As shown above, for certain 1, € [r,,, p] inequality
(2.10) will hold for broken z,(t).

Considering now a convergent subsequence, let us assume that 1, — 1, € [tg, p] and AMz,(?)) — A,(¢)
uniformly in [#g, p]. Substituting z(f) = z,(t), T = 1, into (2.10) and taking to the limit, we obtain
inequality (2.9).

Condition 2.1. For any number ¢ < p satisfying the inequality F(z,) > F(f) for t, < t < p sequences
of points ¢, <s; < [;, [; > t, exist such that

F(1) = max(f(£); (1)), Vt€ls;, 1]

Theorem 2.2. Suppose that Condition 2.1 holds. Then the control (2.1) guarantees that inequality
(2.9) will hold for any realization A,(z).

Proof. Let A(z, (t)) be polygonal lines over partitions whose diameters tend to zero, and suppose
they converge uniformly to some realization. It follows from condition (2.1) that for each such line,
from some index on, the points of the partition (1.4) include a point r,, at which condition (2.13) holds.
Consequently, as in the previous theorem, the realization indeed satisfies inequality (2.9).

Consider the following control for player II

v(t,z2)=z/Az2); M2)=0 (2.14)
v(t,2)=v, Mv)=1; AM2)=0

Theorem 2.3. The control (2.14) guarantees that condition (2.9) will hold for any realization A.(z).

Proof. Let us assume that f,(t) < D(tg,z9) = Dforallfy <t < p.
It follows from (1.8), (1.9) and (1.11) that numbers £y < 7 < s < p exist for which one of the following
two equalities holds

Mzg)+ f (b(r)—a(n)dr + f;(v) = D 2.15)

fo

} (b(ry-a(r))dr+ fi(s)=D (2.16)

Take any polygonal line z(t) (1.5) over a partition (1.4). The control (2.14) guarantees that inequality
(2.6) will hold at all points of the partition.

Suppose that inequality (2.15) holds. Then it follows from (2.6) that for any polygonal line one has
A{z(1)) + fi(t) = D. Hence it follows that inequality (2.9) is true for any realization.

Suppose that inequality (2.16) holds. If T = s, then fi(t) = D. Consequently, inequality (2.9) is true.

Let T < 5. Then the continuity of the integral and the function f; imply that for any number € > 0
there is a number & > 0 such that

[ (b(ry-a(r)dr + f;(s)= D—¢, Vie[t-8,7+5] @2.17)
t
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Take a polygonal line over a partition whose diameter is less than 6. Let 1 < ; < 1 + 8. Then it
follows from (2.17) that

)»(z(t,-))+} (b(r)-—a(r))a’r+f,(s)> D-¢

h

Hence, by (2.6), we see that A(z(s)) + fi(s) = D — e. Thus, for any realization A,, the left-hand side
of inequality (2.9) is at least D — € is an arbitrary number, and this implies the truth of (2.9).

Remark. 1t follows from Theorems 1.1 and 2.2 that the function (1.11) is the value of the game and the functions
(1.12) and (2.14) are optimal controls for the players. If Condition 2.1 holds, then the function (2.1) is also an
optimal control for player II. The functions (1.12) and (2.1) take arbitrary admissible values over the set 4;. In
this sense, A4 is a domain of indifference.

3. Let us consider a game problem with fixed termination time which, when formalized, reduces to
a game with the criterion (1.7).

Suppose that the dynamics of the players in game (1.1) are determined for times T < p by functions
ay(t) and by(¢). This may be due to a breakdown.

Player I’s aim is to minimize A.(p).

Let A (p) be the value of the realization at time 1. Take 7 to be the initial time in a game with fixed
termination time p. It can be shown [4] that the value of this game is

p
max(M (D) + i) H(V); AT = [ (by(r)—ay(r))dr, fz(r)aggp £(r) (3.1

The quantity (3.1) is the minimum value of A (p) guaranteed to player I, provided that player I

behaves in an optimum manner.
If the choice of the time T does not depend on player I, it may be designated as the quantity (1.7).
We obtain a game with payoff (1.7).
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